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O r Abstract. 

By resorting to previous results on flavor mixing in Quantum Field Theory, we show how to 
\ consistently define flavor states of mixed neutrinos as eigenstates of the flavor charge operators. 
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The issue of a proper definition of flavor states for mixed neutrinos has been object 
of discussion in recent years |Q]]-[15]: although the usual Pontecorvo states lllrjl 17 1 
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represent a valid tool for describing the main physical features of neutrino oscillations, 
?JZ! . it has been clear since some time that conceptual problems arise in connection with a 

proper definition of flavor states. In fact, it was even stated that it is impossible to 
construct such states and a formalism has been developed with the aim to avoid their use 
in the calculation of oscillation probabilities [[Till . 

The root of such difficulties has been found by studying flavor mixing at level of 
quantum fields. It has then emerged [1] that the vacuum for neutrino fields with definite 
masses turns out to be unitarily inequivalent to the vacuum for the flavor neutrino 
fields. The condensate structure of the flavor vacuum leads to a modification of flavor 
oscillation formulas [Q, @, 13, [T(J, exhibiting new features with respect to the usual 
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quantum mechanical ones [|llL Il8|l . Further developments include Lorentz invariance 

violation fl9|l and neutrino mixing contribution to the dark energy of the Universe |[20(l . 

In the Standard Model, flavor neutrinos are produced in charged current weak inter- 
action processes, like W + — > e + + v e . At tree level, flavor charge is strictly conserved in 
the vertex; the presence of mixing allows for the possibility of violation of lepton num- 
ber via loop corrections. Such corrections are however extremely small and practically 
unobservable. Therefore one can assume the tree level as a good approximation of the 
real processes in which neutrinos are created. This is what is done in practice: neutrinos 
are identified by the observation of the corresponding charged leptons, assuming fla- 
vor conservation in production/detection vertices. It is therefore essential to have a clear 
understanding of the neutrino flavor charges and states in the presence of mixing. 

One could nevertheless insist in declaring that flavor states are not to be used because 
everything can be written in terms of neutrino fields with definite masses and conse- 
quently solely neutrino mass eigenstates are being used. This is, however, like "to sweep 
the dust under the carpet", since in this way one operates a selection in favor of the 
Hilbert space of the mass eigenstates. Such a choice has no mathematical basis, because 
of the existence of a separate Hilbert space (the one for the flavor eigenstates). It is 



also lacking of physical motivations: indeed, in practice, it adopts the Pontecorvo states 
which are not eigenstates of the flavor charges, in contrast with the observed conserva- 
tion of lepton number in the neutrino production/detection vertices. 

We therefore devote the present report to: a) properly define flavor charges and states 
and b) to estimate how much lepton charge is violated by Pontecorvo states. 

Let us start by considering the charges for flavor (mixed) neutrinos [0,[l5|]. We discuss 
here the case of mixing between two generations. Extension to three generations and 
beyond can also be done [|9l fl0|l . 

For our purposes, the relevant Lagrangian density terms are 

Jzf = JZb + Jtfint, (1) 
where Jzfo is the free lepton Lagrangian: 

-2b = V M ) -M v ) ( ) + ^ ('V ~ M i) ( I ) > ( 2 ) 

including the neutrino non-diagonal mass matrix M v and the mass matrix of charged 
leptons Mf. 



Jfi„t is the charged current weak interaction Lagrangian: 
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w+(x)v e (x) f (1 - r 5 ) e(x)+w+(x)v^x) r M (1 - r 5 ) ^(x)+h.c. 



(4) 



Of course, JZq can be diagonalized in terms of neutrino fields Vi, V2, with definite 
masses m\, 1112. Here, however, we are interested in the construction of flavor charges 
and therefore we consider the above Lagrangian in terms of flavor fields. To this end, we 
observe that Jz? is invariant under the global phase transformations 

e(x)^e ia e(x), V e (x) - e' a v e (x) , (5) 

together with 

fi(x) - e ia ^i(x) , V M (x) -> e' a v^x) . (6) 
These are generated by 

Qe(t) = J d 3 xe\x)e(x) , Q Ve (t) = J d 3 x v e f (x)v e (x) , (7) 

Qn(t) = jd 3 x^(x)n(x), fi VM (0 = J ' d 3 xvl(x)v^x) , (8) 

respectively. The invariance of the Lagrangian is then expressed by 

[fiJ*,J2f]=0, (9) 



which guarantees the conservation of the total lepton number. Here, Q 1 "' is the total 
Noether (flavor) charge: 

QT = Q Ve (t) + Q Vll (t) + Q e (t) + Qn(t) = Qf{t) + Qf{t) , (10) 



Q7\t) = Qv e (t) + Qe(t) , Qf{t) = g V|t (0 + e M (0 . (11) 

Note that the presence of the mixed neutrino mass term, i.e. the non-diagonal mass 
matrix M v , prevents the invariance of Jz? under the separate phase transformations © 
and ©. Consequently, the flavor charges of Eq. (fTT|) are time dependent. 

However, family lepton numbers are still good quantum numbers if the neutrino 
production/detection vertex can be localized within a region much smaller than the 
region where flavor oscillations take place. This is what happens in practice, since 
tipically the spatial extension of the neutrino source/detector is much smaller than the 
neutrino oscillation length. 

We thus look for the flavor neutrino states as eigenstates of the neutrino flavor charges 
Q Ve and Q Vfl . These operators may be expressed in terms of the (conserved) charges for 
the neutrinos with definite masses Q Vl and Q V2 in the following way II 1511 : 



Qv e (t) =cos 2 6 Q Vl +sin 2 Q V2 + sm0cos6 J d 3 x v 1 t (x)v 2 (x) + v|(jc)Vi(x) 
2v M (t) = sin 2 6 Qv, + cos 2 6 Q Vl - sin cos 6 J d 3 x (x)V2(x) + vl(x)Vi(x) 



,(12) 
•(13) 



Notice that the last term in the above expressions forbids the construction of eigenstates 
of the Q Va (t), o = e,/l, in the Hilbert space M{ 2 for the fields with definite masses. 
Indeed the vacuum \0) e ,n for the mixed field operators V a turns out to be orthogonal 
to the vacuum state |0)i ; 2 for the fields with definite masses V/, with j = 1,2 01 • O ne 
can also show that the above neutrino flavor charge operators are diagonal in the ladder 
operators a a , j5 a , for the neutrino flavor fields: 

Gv„(0 :: = l/ d ' k (<a(0<a(0 - P r \ a (t)PL Ka (t)) , a = e,n (14) 

where :: ... :: denotes normal ordering with respect to \0) e n. This makes straightforward 
the definition (at reference time t = 0) of flavor neutrino and antineutrino states as: 

K )ff > = CCIO}^ ; \^a)=P£ a \0)eji, <T = «./*■ (15) 

which are thus by construction eigenstates of the operators in Eq. (fT4)) at t = 0. 

Let us now turn to the quantum mechanical (Pontecorvo) flavor neutrino states | fl^1 : 
|v r k > = cos0 |v r kjl ) + sine |v r k;2 ), (16) 
K,> = -sin0|v r kil ) +cos0|vt 2 ). (17) 



They are clearly not eigenstates of the flavor charges lfl2ll as can be explicitly seen by 
using Eqs.(fT2l) and (TT3T ) . In order to estimate how much the flavor charge is violated in 
the usual quantum mechanical states, one can take the expectation values of the flavor 
charges on the above Pontecorvo states. Considering for example an electron neutrino 
state, we obtain: 

p(Vk, e | : Qv e ■ \Vk >e )p = cos 4 + sin 4 + 2|t/ k |sin 2 0cos 2 < 1, (18) 
p(K,e\ ■ Qv» ■ KJp = 2(l-|t/ k |)sin 2 0cos 2 >0, (19) 

for any 0^0, m\^m%^ k^O and where : ... : denotes normal ordering with respect 
to the vacuum state |0)i ; 2- In the relativistic limit, \U^\ — ► 1 £0,12(1] and the Pontecorvo 
states are a good approximation for the exact charge eigenstates Eq.(fT31). 
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